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UNSTABLE BLUEPRINTS CAN BE SHARED
KARIM ADIPRASITO
ABSTRACT. This expository note illustrates toric perturbation and biased pairing the-
ory to show that Artinian reductions of face rings of 2-spheres that do not satisfy the
Lefschetz property can be cut along a flat equator. This complements classical work of
Bricard and Connelly, and exhibits a fundamental symmetry in non-rigid triangulations
of spheres.
1. RIGIDITY
Cauchy proved that all triangulated 2-spheres are rigidwhen they are realized as bound-
aries of 2-dimensional polytopes, that is, there is up to global isometry of R3 no other
realization of that 2-sphere as a convex 3-polytope with the same edge-lengths.
Alexandrov showed then that triangulated 2-spheres are infinitesimally rigid: He showed
that there is no infinitesimal deformation of a simplicial 3-polytope that does not extend
to a global isometry or changes the lengths of edges in the first order. An immedi-
ate corollary is that triangulated 2-spheres are generically rigid: a generic realization
(choice of coordinates of the vertices) of the sphere in R3 is infinitesimally rigid.
On the other hand, infinitesimally flexible, and even flexible, realizations of 2-dimensional
triangulated spheres do exist, as constructed by Bricard and Connelly. We refer to
[Con93] for a survey of the facts presented here.
Another related question that was open until recently is the following variation on the
existence of flexible polyhedra: Is there a triangulated 2-sphere with coordinates in R3
such that no linear movement of the vertices along their linear spans generates a in-
finitesimally rigid sphere. In other words, if we think of the 2-sphere as an architectural
blueprint under the radial projection to S2, then every lift of that blueprint to a build-
ing in R3 is infinitesimally rigid. To motivate this question, which we shall call the
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problem of unstable blueprints, in another way, it is useful to translate the problem to
an algebraic setting.
2. RINGS
If ∆ is an abstract simplicial complex defined on the groundset [n] := {1, · · · , n}, let
I∆ := 〈x
a : supp (a) /∈ ∆〉 denote the nonface ideal in R[x], where R[x] = R[x1, · · · , xn].
Let R∗[∆] := R[x]/I∆ denote the face ring of ∆. Now, we pick a sufficient number of
linear forms to make sure the quotient is finite dimensional:
We may associate to the vertices of ∆ the coordinates V∆ = (v1, · · · , vn) ∈ R
l×n, obtain-
ing a system of linear forms by considering V∆x = Θ. With this, we obtain a geometric
simplicial complex.
The face ring of a geometric simplicial complex∆ is considered with respect to its natu-
ral system of parameters induced by the coordinates, that is,
A∗(∆) := R∗[∆]/ΘR∗[∆].
A geometric simplicial complex in Rd is proper if the image of every k-face, with k < d,
linearly spans a subspace of dimension k + 1. If ∆ is of dimension (d− 1), and is given
a proper coordinates in Rd, then A∗(∆) is finite-dimensional as a vector space. This is
also called the Artinian reduction of the face ring R∗[∆].
The Lefschetz property for a properly realized triangulated sphere Σ is then the exis-
tence of ℓ inA1[Σ] so that
Ak(Σ)
·ℓd−2k
−−−−→ Ad−k(Σ).
is an isomorphism for every k ≤ d2 .
Following [Lee96], the problem of unstable blueprints then asks for a proper realization
of a 2-sphere in R3 that do not have the Lefschetz property with respect to k = 1. The
existence of such spheres was unknown until recently [Adi18, Section 4.5], and is per-
haps slightly surprising, given that the associated face rings are still Gorenstein. We
show the following:
Theorem 2.1. Every unstable blueprint Σ contains a dividing equator, that is, an embedded
simple cycle in its 1-skeleton that lies in a linear hyperplane of R3.
Unfortunately, this criterion is not sufficient: there are spheres with the Lefschetz prop-
erty that do have dividing equator, such as the octahedron.
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We should note also that the theorem extends to surfaces, but this requires the methods
of [Adi18]. To keep the argument self-contained, we do not go into that case here.
One could equally ask for good necessary or even sufficient conditions for Artinian re-
ductions of general, higher-dimensional triangulations of spheres. Unfortunately, these
are not so easy, and depend on pairing properties of monomial ideals with respect to
the Poincaré pairing, see [Adi19].
Only in dimension 2 and lower does the problem seem to have a nice answer in terms
of necessity. An intermediate problem that seems tractable is to find simple sufficient
conditions for Artinian reductions of face rings of 2-spheres to have the Lefschetz prop-
erty.
3. NOTATION
Recall that the star and link of a face σ in ∆ are the subcomplexes
stσ ∆ := {τ : ∃τ
′ ⊃ τ, σ ⊂ τ ′ ∈ ∆} and lkσ ∆ := {τ \ σ : σ ⊂ τ ∈ ∆}.
For geometric simplicial complexes∆, we shall think of the star of a face as a geometric
subcomplex of ∆, and the link of a face σ as the geometric simplicial complex obtained
by the orthogonal projection to span(σ)⊥. Let us denote the deletion of σ by∆− σ, the
maximal subcomplex of ∆ that does not contain σ. Let
st◦σ ∆ := (stσ ∆, stσ ∆− σ).
We also recall that, for any vertex v ∈ ∆, where ∆ is a geometric simplicial complex in
R
d, and for any integer k, we have isomorphisms
Ak(lkv∆) ∼= A
k(stv ∆)
·xv−−→ Ak+1(st◦v ∆).
4. A BAD ARTINIAN REDUCTION
Before we continue, let us recall that the example of Artinian reduction without the
Lefschetz property of [Adi18]: If ∆ is a simplicial complex, and σ is a face in ∆ then a
stellar subdivision of∆ at σ is the simplicial complex
∆↑σ := (∆− σ) ∪
⋃
τ∈∂stσ∆
({vσ} ∗ τ)
where vσ is the new vertex introduced in place of σ, and ∗ is used to denote the free join
of two simplices. If∆ is geometric, then vσ will be chosen to lie in the linear span of σ.
Example 4.1. Consider Σ the boundary of the tetrahedron, and denote its vertices by
1, 2, 3 and 4.
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Perform stellar subdivisions at every triangle ofΣ, call the newly created vertices 1′, 2′, 3′
and 4′. Call the resulting complex Σ′.
Realize the vertices in R[3] as follows: place the vertices 1, 2, 3 and 4 in general position
in R[2] ⊂ R[3]. Place the remaining vertices in R[3]\R[2]. The associated linear system
is a linear system of parameters for R[Σ′], and therefore A∗(Σ′) is a Poincaré duality
algebra.
However, if we consider the subcomplex ∆ = Σ ∩ Σ′, the quotient A∗(∆) of A∗(Σ′)
satisfies
dimA1(∆) = 2 and dimA2(∆) = 3.
But if Σ has the Lefschetz property then
A1(Σ′) A2(Σ′)
A1(∆) A2(∆)
·ℓ
·ℓ
The top horizontal map is an isomorphism, in particular a surjection. Hence, so is the
bottom map, which contradicts the dimensions we computed for them.
Let us briefly note that this almost trivial example provides also considerable strength-
ening of results of [BH17, AB19]: These papers provided minimal positively balanced
fans that do not satisfy the Hodge-Riemann relations. By choosing all vertices of the
stellar subdivisions to lie in one halfspace, we obtain positive balancing also here, but
to a much stronger effect: not only does the Hodge-Riemann property fail, but even the
Hard Lefschetz property does.
5. GENERIC COMBINATIONS OF LINEAR MAPS
For the proof of the Main Theorem, we shall suppose the contrary. Assuming no divid-
ing equator exists, we show the existence of a Lefschetz element. The idea to construct
the map ℓ iteratively. We rely on the following principle:
Lemma 5.1 (Lemma 6.1, [Adi18]). Given two linear maps
A,B : X −→ Y
of two vector spaces X andY over R. Assume that
B(kerA) ∩ imA = 0 ⊂ Y.
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Then a generic linear combination A“+”B of A and B has kernel
ker(A “+” B) = kerA ∩ kerB.
The second observation is as follows:
Lemma 5.2. A linear form ℓ on a zero-dimensional sphere satisfies the Lefschetz theorem if and
only if ℓ is not linear.
6. DECOMPOSING SPHERES
Let us explore how these two lemmata provide Lefschetz elements, following [Adi18,
Section 6.5]: Assume we are in a sphere Σ of dimension d − 1 = 2k, and have shown
that
(1) There exists a set of verticesW such that Σ−W is a disk∆ and
(2) We have the transversal prime property for W in Σ, that is, the kernel of ℓ′ =
“
∑
v∈W ”xv is exactly A
k(∆, ∂∆), the intersection of the kernels of the xv, v ∈W .
Lets pick w a vertex in the boundary of ∆. We wish to establish that ℓ′“ + ”xw has
kernelAk(∆−w, ∂(∆−w)). Then we wish to understand what to do to ensure that the
Poincaré pairing of Ak(stwΣ) does not degenerate when restricting to the pullback of
Ak(∆, ∂∆). On the other hand, we have a short exact sequence
Ak(stw∆, stw∂∆)
·xw−−−→ Ak+1(∆,∆ − w) −→ Ak+1(∂∆, ∂∆ − w) −→ 0.
Hence, the kernel of the multiplication with xw isA
k(∆− w, ∂∆ − w) provided
Ak+1(∂∆, ∂∆ − w) = Ak(lkw∂∆) = 0.
Where is the Lefschetz theorem though?
Well pi is a projection of Rd/w to a hyperplane, and h is the coordinate with respect to
that projection, θ = h ·x the associated linear form, then the last condition is equivalent
to the Lefschetz property in degree k − 1: For the map
Ak−1(pilkw∂∆)
·θ
−−→ Ak(pilkw∂∆)
to be an isomorphism is exactly equivalent toAk(lkw∂∆) = 0.
7. PROOF OF THE MAIN THEOREM
Consider now a 2-sphereΣ inR3. We can startwith any vertex to construct the Lefschetz
element, and then have to iterate, finding iteratively new vertices such that
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(1) The deletion of the initial segments of i vertices from Σ leaves 2-disk∆i, or is empty.
This is to make sure we can keep inducting.
(2) sti+1∂∆i does not lie in a 2-dimensional hyperplane. This is to ensure the transver-
sal prime property when adding the vertex i+ 1, as follows from the previous two
lemmas.
We find new vertices iteratively. Assume now there is no dividing equator, then in
particular, the boundary of ∆i does not lie in a linear hyperplane. In particular there
exists a vertex i+ 1 satisfying (2) in its boundary. But that vertex, removed from
Deltai, might not leave a 2-disk or be empty, but several disks joined along vertices.
Now, none of those smaller disks has a dividing equator boundary. We may therefore
pick one of their boundary vertices instead, and choose one that satisfies (2). If those do
not satisfy (1), we divided that disk into even smaller disks, and so on. Eventually, this
process terminates, and we have found a way to find a new vertex that we can add to
the already constructed set of vertices.
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